Abstract. In this paper we obtain some new oscillation criteria for the neutral difference equation
Introduction
Consider the second order neutral difference equation of the form ∆ ( a n (∆(x n − p n x n−k )) ) + q n f (x n−l ) = 0, n ∈ N(n 0 ) (1.1) where N(n 0 ) = {n 0 , n 0 +1, . . .}, n 0 is a nonnegative integer, subject to the following conditions:
(H 1 ) {a n } is a positive real sequence with
(H 2 ) {p n } is a real sequence with 0 ≤ p n ≤ p < 1 for all n ∈ N(n 0 ); (H 3 ) {q n } is a positive real sequence for all n ∈ N(n 0 From a review of literature, it is known that there are many results available on the oscillatory and asymptotic behavior of solutions of equation (1.1) when the neutral term is nonnegative, i.e., p n ≤ 0; see for example [1, 2, 3, 9, 15] and the references cited therein. However, there are few results available on the oscillatory behavior of solutions of equation (1.1) when the neutral term is negative; see, for example [4, 6, 7, 8, 11, 12, 13, 14, 16, 17] and the references therein.
In [1] , we see that the oscillatory behavior of the equation
is discussed and in [14] , the authors studied the oscillatory and asymptotic behavior of equa- 
In all the results, the authors assumed that either a n = 1 or [4, 11, 12, 13, 14, 16, 17] .
Oscillation results
Throughout this paper, we use the following notation without further mention: 
Proof. Assume that x n−θ > 0 for n ≥ N ∈ N(n 0 ). Then by the condition (H 3 ), we have from equation (1.1) that ∆(a n ∆z n ) ≤ 0 for all n ≥ N . Hence {z n } and {a n ∆z n } are eventually of one sign for all n ≥ N . Thus {z n } satisfying one of the following four cases for all n ≥ N :
(II) z n > 0, a n ∆z n < 0, ∆(a n ∆z n ) ≤ 0;
(III) z n < 0, a n ∆z n > 0, ∆(a n ∆z n ) ≤ 0;
(IV) z n < 0, a n ∆z n < 0, ∆(a n ∆z n ) ≤ 0. Now, we shall show that case (IV) cannot happen. If so, then we have lim 
Proof. From the definition of z n , it is clear that x n ≥ z n for all n ≥ N . Since a n ∆z n is nonincreasing, we have
Dividing the last inequality by a s and then summing it from n to j , we obtain
Letting j → ∞, we have 0 ≤ z n + B n a n ∆z n , n ≥ N .
This completes the proof. hold for all n ≥ N .
Case I: From (2.1), we have
where we have used {z n /A n } is decreasing. Using (2.7) and (H 5 ) in equation (1.1), we obtain ∆(a n ∆z n ) + M q n 
Let w n = a n ∆z n . Then w n > 0 and {w n } is an eventually positive solution of the inequality
But by Theorem 7.6.1 of [5] , and (2.5), the inequality (2.10) has no eventually positive solution, a contradiction.
Case II: Define
Then w n < 0 for all n ≥ N . From (2.3) and (2.11), we have
From the equations (1.1), (2.1) and (H 5 ), we have
From (2.11) and (2.13), we obtain
where we have used {z n } is positive decreasing and l is a positive integer. Multiplying (2.14)
by B n+1 and then summing it from N to n − 1, we have 
Using completing the square in the fourth term of the last inequality and then using (2.12),
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Letting n → ∞ in the last inequality , we obtain a contradiction with (2.6).
Case III: From (2.1) and (H 2 ), we have
Using (H 5 ) and (2.16) in equation (1.1), we obtain
Summing (2.17) from s to n − 1 for n > s + 1, we have
Again summing the last inequality from n − l + k to n − 1 for s, we have
which contradicts (2.4). This completes the proof of the theorem.
Theorem 2.2. Assume that
0 < α < 1 and l > k. If lim sup n→∞ n−1 ∑ s=n−l +k 1 a s n−1 ∑ t =s q t > 0, (2.18) ∞ ∑ n=n 0 q n (A n−l + p n−l a n−l −k ) α = ∞,(2.
19)
and for any constant 
But by Theorem 1 of [10] , and (2.19), the inequality (2.21) has no eventually positive solution, a contradiction.
Case II: Define w n = a n ∆z n z n , n ≥ N .
Proceeding as in Case (II) of Theorem 2.1, we obtain (2.12) and
where we have used {z n } is a positive decreasing, α < 1, and
. The remaining part of the proof is similar to that of Case (II) of Theorem 2.1 and hence the details are omitted.
Case III: Proceeding as in Case (III) of Theorem 2.1, we have
which contradicts (2.24). This completes the proof of the theorem. Proof. Proceeding as in the proof of Theorem 2.2, we see that Lemma 2.1 holds for all n ≥ N ∈ N(n 0 ).
Case I:
Proceeding as in the proof of Theorem 2.1(Case(I)), we have
Define w n = a n ∆z n z α n−l , then w n > 0, and
Summing the last inequality from N to n − 1, we obtain
Letting n → ∞, in the last inequality, we obtain a contradiction to (2.25). Case III. In this case z n < 0 and ∆z n > 0 for all n ≥ N . Then by Lemma 1 of [12] , we see that lim n→∞ x n = 0. This completes the proof.
Examples
In this section, we present some examples to illustrate the main results.
